Introduction
The problem of steady fluid motion through a constriction possesses unusual features. The fluid, if a gas, is assumed to fill the channel completely; if a liquid, to possess a free surface. I t is supposed that the state of the fluid is specified in a large supply reservoir or at some cross-section upstream from the constriction, and th at Voi. 197. A.
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conditions below the constriction are such th a t small alterations in them do n o t affect the flow upstream. Experim ent reveals th a t the flow is then completely determined, and the question arises of calculating the th ro at conditions and the discharge.
This type of motion appears in a variety of forms; the most im portant are set out below in the order (as far as can be discovered) in which they have been first con sidered by previous writers. The rate of change of the cross-section of the stream w ith respect to distance measured in the direction of streaming is taken as small, hence it is sufficient to regard the main streaming motion as one-dimensional. I t is also assumed th a t the flow is adiabatic and irrotational, thus in cases of swirling motion it is necessary only to consider the distribution of tangential velocity v given by v = c/r, where r is the radius and c is a constant. Similar methods apply to the flows of gases and liquids, for an analogy mentioned by Lam b (1932) and by Riabouchinsky (1935) exists between them ; a proof was given by Binnie & Hooker (i937a ) 
-(i) Gas flow through a nozzle
The first successful discussion of this case was by Reynolds (1886a, b) who derived an expression connecting the pressure p and the mass flow M over a cross-section of area A . By putting dAjdp = 0, i.e. making A a minimum, he determ ined th ro at pressure and thus the th ro at velocity, adding the im portant observation th a t the la tter is equal to the local velocity of sound. In the m ethod which is stated by Stodola & Lowenstein (1945) to have been originated by H ugoniot (1886), Bernoulli's equation and the equation of continuity of mass-flow M are differentiated w ith respect to the distance z measured in the general direction of streaming. A fter dM has been p u t equal to zero, the differential of the density is eliminated from the two equations, and inspection of the final result shows th a t the th ro a t velocity and the local velocity of sound are equal. This m ethod was also used by Lam b (1932) and by Taylor (1935) . Ewing (1926 Ewing ( , 1936 , in his two text-books, after employing th e first p a rt of Reynolds' method, completed the analysis w ith the aid of the relation d(M \A )\dp = 0 a t the throat, based on the consideration th a t M \A is a maxim um there.
(ii) Liquid flow over a broad-crested weir o f uniform breadth
This type was examined by Unwin (1907) , who from Bernoulli's equation derived an expression for the mass-flow in term s of the depth h of the stream over the weir. On putting dM /dh = 0 he obtained the critical depth over the weir, b u t b oth he and m ost later writers failed to rem ark th a t the corresponding velocity is equal to th a t of a long wave of small am plitude moving in the stream over the weir.
(iii) Liquid flow through a Venturi flume having a horizontal bottom
The m ethod adopted by Unwin was employed by Jam eson (1925) to determ ine the th ro a t velocity for four different shapes of cross-section, b u t again the point was overlooked th a t this velocity and th a t of a long wave a t the th ro a t are identical. H ugoniot's m ethod was used by Binnie & Hooker (1937 in their detailed analysis of the rectangular flume.
(iv) Swirling liquid flow under gravity through a vertical nozzle
Here the source of supply is an open reservoir, which discharges through a nozzle fixed with its axis vertical, the swirl being sufficiently vigorous to produce an air-core in the constriction. The motion was examined by Binnie & Hookings (1948) , who derived an expression for the mass flow involving the radius 6 of the air-core. To obtain the throat velocity they put dMjdb = 0 and showed th a t this velocity is equal to th a t of an axial wave moving in the spinning liquid a t the throat.
2. A study of these references reveals th a t those writers who have employed the mass-flow criterion have given little justification for their analysis beyond demon strating th at the throat velocity so calculated is equal to the local velocity of sound or of a long wave, as the case may be. Even this measure of support was omitted in cases (ii) and (iii). In its usual form the argument goes on to state th at the velocity in the divergent part of the stream exceeds the local velocity of sound, hence dis turbances near the exit cannot travel upstream and alter the discharge. This appeal to physical reasoning is certainly plausible but perhaps not wholly convincing. I t should be remarked th a t the disturbances considered must be small. Clearly it is possible to stop the flow by closing a valve or sluice at the exit, thus causing a wave of finite amplitude to travel up the constriction.
Hugoniot, who confined his attention to gases moving in one dimension under no external forces, proved th a t the throat velocity must necessarily be equal to the local velocity of sound. His method can be readily extended to include liquids, external forces and swirling motions, and in the following pages it is used to examine the flow under gravity of a liquid through a Venturi flume of any shape and through a vertical nozzle. I t will be shown th at of the methods which are available his is to be preferred, because with no greater labour it yields more information than the others. A general proof is also given of the equality of the throat velocity in liquid flow with the local velocity of a long wave. Lastly, the same method is employed to solve the problem of swirling gas flow through a nozzle.
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L iq u id flow through a V e n t u r i flum e
As a first example of Hugoniot's method we will consider the general form of Venturi flume having a humped bottom and walls not necessarily vertical. At a typical cross-section, let q be the velocity, h the depth of the liquid and H the height of the bottom above a fixed horizontal datum. Bernoulli's equation for every stream-line is h + H + £ = h0,
where h0 is the height of the reservoir surface above the datum, hence dh dH qdq = °* dz dz g dz The mass flow M is given by 
pqA -M,
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A denoting the area of the cross-section of the stream and the constant density, therefore, since M is independent of z,
Now A is a function of h and z, and we have th a t dA dh
where B is the surface breadth and B x the mean breadth, hence
On eliminating dA/dz and dhjdz from (3*2), (3*4) and (3*7) we obtain
We suppose th a t the sum m it of the humped bottom and the minimum mean breadth occur a t the same cross-section. Then a t the th ro a t dHjdz = dBJdz -0, and also dqjdz 4= 0, since we are interested in a type of flow asymm etrical w ith respect to th e th ro a t cross-section. Hence (3*8) shows th a t the th ro at velocity is given by (3-9)
and we recognize th a t this velocity is identical w ith th a t of a long wave a t the throat. Expressions for the th ro at depth and for M can then be derived from (3*1) and (3-3). A further point is made evident by (3*8). In the convergent p a rt of the constriction dHjdz is positive and dBJdz negative, hence if dq/dz is to be positive, as we wish, q2 m ust be less th an gA jB . To produce the required type of flow, the velocity of th e stream entering the constriction m ust be less th an the local velocity of a long wave. W hen this condition is violated, th e depth o f the liquid increases and the velocity falls as the th ro at is approached.
The alternative procedure of putting dM jdh = 0 a t the th ro a t m ay be followed w ith the aid of (3*4), (3-7) and (3-2). Used together they yield £ " -? ( « * ■ -¥ ) < 3'io) a t the throat. To take dM \dh = 0 a t the th ro at is equivalent to supposing th a t q2 -g A jB there; consequently, for this m ethod to be logical, the initial assum ption requires justification. We assert th a t dM jdz 0 a t every cross-section and th a t dhjdz #= Oat the throat. Hence, on differentiating w ith respect to z the expression for M in term s of h and A derived from (3-1) and (3*3), we may, after employing (3*7), take the coefficient of dh/dz as zero a t the th ro a t for there the other term s disappear. This is, of course, a process identical with putting dMjdh = 0 a t th a t cross-section. B ut the method, it will be noticed, provides no information of the kind described in the preceding paragraph.
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Swirling liquid flow through a nozzle
Hugoniot's method will next be applied to a swirling liquid flowing under gravity through a vertical nozzle (case iv). I t was shown by Binnie & Hookings (1948) that, for a horizontal cross-section in the nozzle a t a distance z below the free surface in the reservoir, Bernoulli's equation takes the form
where c is the irrotational constant, 6 the radius of the central core of the vortex, and w the vertical velocity which is uniform over the cross-section. The mass flow across the section is . , ...
a denoting the radius of the nozzle. On differentiating (4*1) and (4*2) we obtain is the axial velocity of a long wave in the spinning liquid. From (4*5) it is seen th at this velocity and the streaming velocity are equal, not a t the geometrical throat where dajdz = 0, but a t a cross-section above it defined by da _ 4 dz c2a * (4-7)
On putting w = Vi n (4*3) and using (4-6) and (4*7) we find th at the corr inclination of the inner surface is
Evidently the last two equations arise from the existence of an external force acting in the direction of streaming, and, if their right-hand sides are of appreciable magnitude, they are a t variance with the basic assumption, explained in §1, th a t conditions over every cross-section are approximately uniform. This point is missed if reliance is placed solely on the condition dM jdb 0 a t the throat, which yields the correct th ro at velocity b u t no further information. T h at this condition is here not strictly accurate m ay be seen by adopting the procedure outlined a t the end of §3. I t appears th a t these effects were small in the experiments described by Binnie & Hookings. W ith the use of (4*7) and (4*8), calculations show th a t, in the second set of observations given in their table 1, -dajdz varied from 0*046 a t the lowest head to 0*024 a t the highest, the corresponding values of -db/dz ranging from 0*027 to 0*018. Thus the local velocity of a long wave was theoretically attained a t a cross-section very close to the geometrical throat.
General case of liquid flow
We now proceed to consider why the th ro at velocity m ust necessarily be always identical w ith the local velocity of a long wave, and as a first step the general expression for the latter will be derived.
As generalized co-ordinates we take z in the direction of the stream ing motion and cl a t right angles to it. The cross-section of the liquid is assumed to be uniform and the z-axis lies outside the liquid, the ordinates of b oth th e free and th e fixed surfaces being positive and the la tte r exceeding the former. L et the pressure distribution in the liquid be given by
(5-1) r so th a t, if the free surface where the pressure is zero is situated a t = 6, th e absolute pressure a t the point a, z in the liquid is
¥ = F (a )-F { b ),
(5*2) W hen an infinitely small wave of surface elevation rj exists a t the cross-section under consideration, the pressure a t cl, z becomes
F(a)-F(b-if),(5*3)
and then -r ( b ) d £ . where A is the cross-section and B the breadth of the surface. The result of eliminating £ from (5*6) and (5*7) is l n n
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which represents a wave moving with velocity V given by (5-8)
(5-9)
We now turn to the flow through a constriction. Since the pressure is given by (5*2) the general form of Bernoulli's equation iŝ (5-10) c being the irrotational constant. We restrict ourselves to the case where the potential Q of the external forces is such th at dQ/dz -0. Hence, for a stream-line along the fixed surface a = a, . , 2.
( 5-11) and on differentiation we have
The mass flow is given by
Now A is a function of z and 6, therefore
(5*12) (5-13) (5-14)
( 5-15) where A ' is the breadth of the fixed surface. On eliminating dbjdz and dAjdz from (5*12), (5*14) and (5*15) we arrive a t
At the throat dajdz -0 and dwjdz 4= 0, hence the velocity there is given by
and on comparing this with (5*9) we see th at w -V.
(5*18)
For the broad-crested weir (case ii) and the Venturi flume (case iii) F(oc) = ga, hence F'{b) = g and w2 = g A jB in accordance w ith (3*9). For swirling liquid flow through a nozzle F(oc)
Hence F'(b) = c2/68 and which agrees w ith (4*6).
(5-20)
Swirling gas plow through a nozzle
Finally we will examine the problem of swirling gas flow through a nozzle in th e absence of external forces.
Rayleigh (1916) showed th a t, for steady flow sym m etrical about the axis of z, the general equations of motion are
Here (6-2) and the velocities u, v, w are reckoned in the directions of r, 6, z increasing: it is assumed th a t there are no external forces. I t will be seen from these equations th a t in spite of compressibility effects irrotational flow is possible, in which vr = constant and w is uniform over each cross-section, provided th a t is negligible. B u t the velocity a t the axis would be infinite, therefore the nozzle m ust be of annular cross-section. On combining Bernoulli's equation w ith the isentropic relation pjpy = constant we obtain p _ / y -1 \i/(y-i)
where y is the ratio of the specific heats, p is the density of the gas when it is moving with velocity q, and p0 is the density in the reservoir where the local velocity of sound is q*. In the present circumstances q2 = w2 + c2/r2, and the mass flow over a cross-section of outer radius a and inner radius b is
This expression can be integrated in finite term s if (y -l)-1 is an integer or a halfinteger; Although no gas is known for which y -2, it is w this case, for results can be obtained and trends noted without laborious calculations. W ith this value of y (6*4) reduces tõ = w { « a * -i * ) ( 2 < -^) -c * lo g £ } .
(6-5)
When this expression is differentiated with respect to z and dM / put equal to zero, the result is , , , 0 = I £(a2 -62) (2 q%2 -3 -c2 log -+ terms involving dajdz and dhfdz, (6*6) therefore the throat value of w is given by
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___c2 log a jb q*2 3 \ q*2a2 1 -62/a2/ ' ' When c -0, (6*7) reduces to w2/q$2 -2/3 = 2/(y+l) as it s (6-7) becomes w* 2 (
s can also be proved directly by applying the same method to a nozzle in which (a -b)is very small throughout. Now the relation between q and q*, the local velocity of sound, is shown by Lamb (1932) to be which here becomes 2 2q*2 1 +^n -y n ' w2 + 2q*2 _ / c2 \ q$2 ~ \ (6-9) ( 6-10)
On comparing this with (6*8) we see th a t when b->a the throat value of w is equal to the local velocity of sound. A similar result was mentioned by Taylor (1930) and by Binnie & Hooker (19376) , who pointed out th at in the two-dimensional spiral .flow of a gas starting from rest a t infinity, the radial component of velocity cannot exceed the local velocity of sound. I t may easily be shown from (6*3) and (6*7) th at at the throat . a " , p2nrdr
which is the ratio of the mean density over the throat cross-section to the density in the reservoir. This result is identical with th at obtained when c is zero. Equation (6*7) is subject to the restriction th at the maximum possible velocity is given by y -1 ( 6*12)
This limit, when applied at r = b where the velocity is greatest, yields
which is not inherent in (6*7) for th a t equation, derived from the relation = con stant, is theoretically applicable to negative as well as to positive densities. Numerical results, expressed in non-dimensional form, are shown in figure 1. The full lines give the th ro at values of w/qfi, obtained from (6*7) and (6*8), and plotted on a base of 6/a for c2/(<$a)2 = 0,0*5, 1 and 1*5: the curve for c2f(q* a)2 = 2 reduces to the point w/q* = 0,6/a = 1, where the velocity is wholly tangential. These lines are term inated on the left by intersection w ith the curves of maximum possible velocity, calculated from (6*13) and shown chain-dotted. Along the broken line joining the points of intersection the pressure on the in n er wall of the th ro at is zero; flow is not possible under conditions represented by points below this line, and if attem pted, the nozzle would not run full. Calculations on the same lines were made for the case y = 1*4, i.e., ( y -l) -1 = f, which is a close approxim ation to th e accepted value for air. The details are too lengthy to be given here, b u t the resulting equation for the th ro at velocity, corre sponding to (6*7), is where id2 X ^ ---"T T L .
5 ? r y s c2 5q*2a2 ' (6-15) After the insertion of specified values of y and s into this expression, x can be found by trial. W hen 6->a, w2 5 c2 (6-16)
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as may be proved either directly or from (6*14). The maximum possible velocity is shown by (6* 12) to be given by q2 = 5 q$2, and on applyi th a t (1 -x -sy) must be positive or zero. This'restrictioti is seen to be automatically imposed in (6*14). At the limit where 1-x -sy = 0, (6*17) (6*14) reduces to 
